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Exercise 1. 1. Let a,b,c € R3. Show that

la x b* = |al*[b]* — {a,b)”

(a x b) x ¢c={a,c)b—(b,c)a.

2. Let & : O c R?2 — R3 be a smooth immersion. Its unit normal is the map

O, P X 02, @ Q

— — .0 — 52
|0z, @ X O, D|

ﬁ:

The first fundamental form is the metric given by

2
g=P"grs = Z i,jdx; dx;,

ij=1

where g; j = (811.5,8%(1;) (i,j =1,2). If {g"7}, i1 1s the inverse of the matrix {g;;}, ., ;< the
Laplace-Beltrami operator is defined on C*°(§2) by

1 2 1,7 e’}
Ayf = \/T(g)igzzlg 10y, (v det(g)axjf> ) fel>=(Q),

where det(g) = det {gi;},o; ;<o = 91,192,2 — 93 5. Now, define the notation
E= ‘8@@2
G = [0,,9)?
F = (0,,®,0,,®)

and the second fundamental form by

Ly = (02,8,7)
2 2 S
]11’2 = <8x1’m2¢,n>
Lo = (02,8,7)
Furthermore, we define the mean curvature by
1 =
H=_-(A,®,7).

Show that

o 1 GHl,l — QFHLQ —&-F]IQ’Q

H 2 EG — F?

3. Show that ® is a minimal immersion if and only if H =0.

Hint: consider variations of the form ®; = ® + ¢ v i, where v € C°(1).

Exercise 2. Show that the following immersions are minimal, i.e., that their mean curvature H vanishes
identically.

1. The catenoid: @ : R x S — R3, (z,0) — (x, cosh(z) cos(d), sinh(z) sin(0)).

2. The helicoid: ® : R2 — R3, (z,0) — (x cos(y), ysin(z), a z), where o € R.
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3. The Scherk surface: @ : }fg, g[ — R3, (z,y) — (z,y,log(cos(y)) — log(cos(x))).

Exercise 3. We say that a smooth immersion $ : R2 — R3 has rotational symmetry if there exists
f € C*(R) such that

B(2,0) = (f(2) cos(8), f(z)sin(h), z).

Show that ® is a minimal surface of revolution if and only if there exists A € R\ {0} and x € R such
that

f(z) =X cosh (A" (z +p)).



